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Abstract
We describe an explicit metric that induces the Chabauty topology on
the space of closed subsets of a proper metric space M .
1 Introduction
SupposeM is a proper metric space and let C(M) be the space of closed subsets
of M . The Chabauty topology on C(M) is generated by the subsets
{C ∈ C(M) | C ∩K = ∅}, {C ∈ C(M) | C ∩ U 6= ∅}, (1.1)
where K ⊂M is compact and U ⊂M is open. See Chabauty [3] and [2, Ch E].
When M is compact, the Chabauty topology is induced by the Hausdorff
metric on C(M), where the distance between closed subsets C1, C2 ⊂M is
dHaus(C1, C2) = inf{ǫ | C1 ⊂ Nǫ(C2) and C2 ⊂ Nǫ(C1)}.
In general, it is well-known that the Chabauty topology is compact, separable
and metrizable [2, Lemma E.1.1], but most of the metrizability proofs in the
literature go through Urysohn’s theorem.
In search of an explicit metric, note that the Chabauty topology is almost,
but not quite, induced by taking the Hausdorff topology on all compact subsets
of M . Namely, fix a base point p ∈M . If A ⊂M is closed and R > 0, set
AR = A ∩B(p,R),
and then define a pseudo-metric dR on C(M) by setting
dR(A,B) = min
{
1, dHaus(AR, BR)
}
,
where dHaus is the Hausdorff metric of the compact subset B(p,R) ⊂M .
The family of pseudo-metrics {dR | R > 0} does not determine the Chabauty
topology, since if xi → x is a convergent sequence of points with d(x, p) = R
and d(xi, p) > R for all i, then {xi} → {x} in the Chabauty topology, but
dR({xi}, {x}) = 1 for all i. However, the following is true:
1
Theorem 1. The Chabauty topology on C(M) is induced by the metric
d : C(M)× C(M) −→ R, d(A,B) =
∫
∞
0
e−RdR(A,B) dR.
The point is that a Chabauty convergent sequence can fail to dR-converge
for only countably many R, a discrepancy which disappears under integration.
Above, e−R could be replaced by any positive, integrable function on [0,∞).
We imagine that those who are sufficiently interested could probably come
up with more metrics inducing the Chabauty topology (with Abe´rt, we produce
a different one in [1, A.4]). However, we have not seen the expression above
in the literature, and we think that the way it formalizes the intuition that
the Chabauty topology is almost the “Hausdorff topology on compact sets” is
beautiful enough to justify this short note.
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2 Proof of Theorem 1
Before beginning the proof, recall that convergence in the Chabauty topology
can be characterized as follows.
Proposition 2 (Prop E.12, [2]). A sequence (Ci) in C(M) converges to C ∈
C(M) in the Chabauty topology if and only if
1. if xij ∈ Cij and xij → x ∈M , where ij →∞, then x ∈ C.
2. if x ∈ C, then there exist xi ∈ Ci such that xi → x.
Let d be the metric in Theorem 1. As the Chabauty topology is first count-
able, it suffices to show that a sequence Chabauty-converges if and only if it
d-converges.
Suppose that (Ci) converges to C with respect to d. Then dR(Ci, C) → 0
for a.e. R, so in particular for arbitrarily large R. We check that (Ci) Chabauty
converges to C using Proposition 2. With x as defined therein, we can just
take any R > d(x, p) with dR(Ci, C)→ 0 and use that dR defines the Chabauty
topology on the ball B(p,R) to say that 1) and 2) are satisfied.
On the other hand, suppose that (Ci) Chabauty-converges to C. We claim
that dR(Ci, C)→ 0 for all but countably many R. This will suffice to prove the
proposition, for as each dR ≤ 1, the functions e−RdR(Ci, C) are bounded by the
integrable function e−R, so then we must have
d(Ci, C) =
∫
∞
0
e−RdR(Ci, C) dR → 0
2
by the Dominated Convergence Theorem.
So, our goal is to show that for all but countably many R, we have
Ci ∩B(p,R)→ C ∩B(p,R) (2.1)
in the Chabauty topology on subsets of the compact set B(p,R). In light of
Proposition 2, we need to show:
1’. if xij ∈ Cij ∩ B(p,R) and xij → x ∈ B(p,R), where ij → ∞, then
x ∈ C ∩B(p,R).
2’. if x ∈ C ∩B(p,R), then there exist xi ∈ Ci ∩B(p,R) such that xi → x.
It follows from the Chabauty convergence Ci → C that property 1’ holds for
every R. So, the point is to prove 2’ for all but countably many R.
We claim that 2’ holds when R is chosen so that every x ∈ C with d(x, p) = R
is in the closure of C ∩B(p,R). For if
x ∈ C ∩B(p,R),
either x ∈ B(p,R) or d(p, x) = R. In the first case, the Chabauty convergence
Ci → C implies that there is a sequence xi ∈ Ci converging to x; eventually,
these xi ∈ B(p,R), so we’re done. In the second case, we know x is the limit of a
sequence yn ∈ C∩B(p,R). Each yn is the limit of a sequence yn,i ∈ Ci∩B(p,R),
as in the first case, and then yi,i → x. So, 2’ holds.
Finally, we claim that the condition in the previous paragraph fails for only
countably many R, which amounts to proving that if
L =
{
x ∈ C
∣∣∣ x /∈ C ∩B(p, d(p, x))
}
,
then the set {d(x, p) | x ∈ L} is countable. For every point x ∈ L, there is some
ǫ(x) > 0 such that
C ∩B(p, d(p, x)) ∩B(x, ǫ(x)) = ∅.
We claim that for every compact K ⊂ M and ǫ0 > 0, there are only finitely
many values d(p, x) where x ∈ L ∩ K and ǫ(x) ≥ ǫ0. Exhausting M with a
countable union of compact sets and taking a (countable) sequence of such ǫ0
converging to 0 will prove L is countable.
If there are not finitely many such values d(p, x), there is an infinite sequence
of points xi ∈ L ∩ K with d(p, xi) all distinct, and ǫ(xi) ≥ ǫ0. Passing to a
subsequence, we may assume that xi → x ∈ K. Then for large i, j, we have
xi ∈ C ∩B(xj , ǫ0) and xj ∈ C ∩B(xi, ǫ0). (2.2)
Moreover, since the distances d(p, xi) and d(p, xj) are distinct, we have either
xi ∈ B(p, d(p, xj)) or xj ∈ B(p, d(p, xi)), (2.3)
so combining (2.2) and (2.3) we contradict the definition of either ǫ(xi) or ǫ(xj),
since both are at least ǫ0.
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